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The effect of the compressible character of a powder compact on the determined failure strength in unconfined
compression testing is investigated numerically. The modified Drucker–Prager cap constitutive model (an
elastic–plastic-work hardening model) is employed for a spray-dried Al2O3 powder compact. When the failure
strength is obtained from the current cross sectional area determined solely by the axial strain based on the
assumption of incompressibility of the specimen, it underestimates the failure strength of the compressible
specimen significantly. The degree of underestimation is magnified if the powder compact possesses a more
slowly increasing hardening curve and/or a larger cap aspect ratio. Based on these findings, we suggest that
the compressible character of the specimen be taken into account, especially for a powder compact with a slowly
increasing hardening curve and/or with a large cap aspect ratio; the current cross sectional area of the specimen
needs to be determined by measuring not only the axial strain but also the radial strain of the specimen.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

The computer simulation of compaction behavior of particulate ma-
terials (e.g., ceramic, metal, and pharmaceutical powders) has received
much interest from the viewpoints of optimizing their processing and of
understanding the physics behind the processing [1–5]. In addition to
shear yielding (failure) behavior, particulate materials exhibit hydro-
static pressure-dependent yielding behavior, while yielding of bulk
metals does not show hydrostatic pressure dependency. In this sense,
the Drucker–Prager (DP) constitutive model has been widely used as
its yield (shear failure) surface is pressure dependent [6]:

f p; qð Þ ¼ q−p tan β−d ¼ 0 ð1Þ

where q is the Mises equivalent shear stress, p is the mean stress (pres-
sure), tanβ is the slope of the shear failure surface, and d is the intercept
of the q axis. β has a physical meaning of the internal friction angle of
particles. It is determined by the slope of the shear stress line in the
shear stress–pressure domain and reflects the degree of interlocking
and surface roughness of the particles. d is called cohesion which is
the shear stress when the applied pressure is zero; it is the cohesive
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strength of the particulate material itself when no external pressure is
applied.

While the DP model is an elastic–perfectly plastic model, the
description of the work hardening phenomenon was achieved in
later-developed models by introducing the concept of the cap to the
DPmodel, as seen in the Drucker–Prager cap (DPC)model [7], themod-
ified Drucker–Prager cap (MDPC) model [5,8], the geological cap model
[9], and the continuous surface cap model [9,10]. In order to utilize the
DP model as well as these advanced cap constitutive models that em-
ploy the DP-type shear failure yield surface, the determination of d
and β is a prerequisite. In order to determine these shear failure surface
parameters, the conventional triaxial test has traditionally been used,
which measures the deviator stress at varying confinement pressures
[11–13]. However, for powder compacts such as ceramic green bodies,
metal pre-forms, and pharmaceutical tablets, the shear failure surface
parameters have been determined very conveniently by employing
two simple tests: the unconfined compression (UC) test [14–30] and
the diametral test [14–31]. As seen in Fig. 1, the determined failure
strengths by the two tests mark two points in the meridional plane,
which are used to determine the intercept (d) and the slope (tan β) of
the shear failure surface. In this process, the measured failure strengths
from the two tests are assumed to be located on the linear lineswith the
slopes of 3 and 3

ffiffiffiffiffiffi
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p
/2, respectively, in the meridional plane (Fig. 1).

This study focuses on an issue that needs be clarified in UC testing of
a powder compact in order to utilize the UC test as a tool to determine
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Fig. 1. Schematic illustration for the load paths for various tests. Fig. 2. Geometry and mesh of the model for the specimen with L/D = 2.
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the shear failure surface of the powder compact. Powder compacts are
generally compressible, which is unlike bulk metals where compress-
ibility is negligible. Therefore, in essence, the compressible character
of the powder compact has to be accounted for in the process of deter-
mining the failure strength in UC testing. However, no such effort has
been reported explicitly in the literature for powder compacts [14–30]
and for cohesive soils [11,32]. Therefore, here we uncover numerically
(by finite element analysis) how much of the measured value of the
failure strength based on the assumption of incompressibility of the
specimen is different from the value accounting for the compressible
character of the specimen. For this purpose, the modified Drucker–
Prager cap constitutive model (an elastic–plastic-work hardening
model) was employed for a spray-dried Al2O3 powder compact.
2. Numerical analysis

The length-to-diameter (L/D) ratio of the specimen considered in
this study was 2 (10 mm in diameter and 20 mm in length). The full
three dimensional space of the UC test specimen was discretized by
eight-node linear brick elements, as seen in Fig. 2. The size of the ele-
ments was approximately 0.83 × 0.83 × 2.0 mm3 and passed a separate
mesh quality test. The specimen was loaded axially by controlling the
displacement of the nodes at the top surface; the axial movement of
the top surface was uniform. However, the axial movement of the
nodes at the bottom surface was constrained. The radial movement of
the top and bottom surfaces was not constrained; no friction between
the specimen and the platens was considered. The specimen was not
allowed to rotate during the axial loading by fixing the x-movement
of a node located at the radial end of the specimen in the y–z plane.
The specimen was not allowed to move in the x–y plane by fixing the
movement of the center node at the bottom surface of the specimen
in all directions. The reaction forces at the nodes located on the top
surface of the specimen were summed and divided by the current
cross-sectional area of the specimen to calculate the axial stress. In
order to calculate the volume change of the specimen during axial
loading, the volume of total elements in the specimen was extracted
as a history output. A commercial finite element package Abaqus was
used for the numerical analysis.
The specimen considered in this study is a spray dried Al2O3 powder
(granules) compact which is widely used in the industry. The modified
Drucker–Prager cap (MDPC) model [5,8] implemented in the Abaqus
program package was used as the constitutive model. Fig. 3 illustrates
the MDPC model schematically. In this figure, the cap is the locus of
the iso-volumetric plastic strain points in the meridional (q–p) plane;
the cap defines the work hardening yield surface. While the DPC
model considers a circular cap [7], the MDPC model employs (1) an
elliptical cap with aspect ratio R (Fig. 3) and (2) the transition surface
defined by parameter α (Fig. 3). A detailed description of the employed
model (MDPC) is given in our previous study [5]. The working principle
of theMDPCmodel inUC testing is shown in theAppendix (Supplemen-
tary material) of this study.

Theparameters of theMDPCmodelwere selected in this study by re-
ferring to the parameters (properties) for Al2O3 shown in the literature
[33–39] and the selected parameters are shown in parameter set no. 1
(Table 1). In the MDPC model, the relationship between the pressure
(p) and the inelastic volumetric plastic strain (εvin) needs to be specified.
It controls the movement of the cap (work hardening behavior) of the
specimen during loading. In general, the p–εvin relationship (hardening
law) of the powder compact varies significantly depending on the type
and amount of the binder added to the particles, on the size and shape
of the granules formed by the interaction of the particles and the binder,
and on the degree of pre-compaction. The same is the case for the spray-
dried Al2O3 as seen in Fig. 4. In this study, the reference p–εvin curve was
arbitrarily constructed (curveA in Fig. 4)which is located amongvarious
curves for spray-dried Al2O3 compacts available in the literature.

Another p–εvin curve (curve B) was also constructed in this study by
shifting curve A by −0.1 along the abscissa in order to consider a
powder compact with a more rapidly increasing hardening curve. In
the cap-type constitutive models [5,8–10], the p–εvin relationship and
the cap aspect ratio (R) control the compressible character of the
specimen in the plastic deformation regime (the relationship between
R and the compressible character of the specimen will be discussed in
detail later). In order to uncover the behavior of the specimens with
different compression characters, systematic variations from the p–εvin

relationship and the R value of the parameter set no. 1were considered:
curve B and a different value of R (0.25) were also adopted in the
numerical analysis as seen in Table 1 (parameter set nos. 2–4).



Fig. 3. Employed constitutive model (the modified Drucker–Prager cap model [5]) for the powder compact specimen.
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In addition to the material parameters shown in Table 1, two imma-
terial parameters need to be specified for the numerical calculation
using the MDPC model: the transition surface parameter α and the
initial inelastic volumetric strain εvin(0). α imposes the computational
stability of the MDPC model, which was set to be zero in this study, as
no problem was encountered during the numerical analysis. εvin(0) is
the initial inelastic volumetric strain of the material when the analysis
begins. According to the hardening law (the p–εvin relationship), εv-
in(0) defines the required pressure to initiate the plastic deformation
of the specimen. Thus, εvin(0) describes the degree of pre-compaction
of the particulate material when the analysis begins. We set εvin(0) as
zero, which means that the required pressure to initiate the plastic
deformation of the specimen is the intercept of the pressure axis in
Fig. 4; the specimenwas assumed to be compacted initially by this pres-
sure value (2.57 MPa and 3.25 MPa for the compact with hardening
curves A and B, respectively).

3. Results and discussion

3.1. Reference powder compact (parameter set no. 1)

We first consider the reference powder compact with parameter set
no. 1 (R = 0.5 and curve A for the p–εvin relationship). For this powder
compact, two types of the current cross sectional area of the specimen
were determined as seen in Fig. 5(a). Ai is the current cross-sectional
area of the specimen determined by assuming that the specimen is
incompressible:

Ai ¼ Ao= 1−εð Þ ð2Þ
Table 1
Employed material parameters of the MDPC model for the spray dried Al2O3 powder.

Parameter
set no.

d
(MPa)

β
(degree)

E
(GPa)

ν R pb–εvin relationship
in Fig. 4

1 4 44 10 0.26 0.5 Curve A
2 0.5 Curve B
3 0.25 Curve A
4 0.25 Curve B
where Ao is the initial cross-sectional area of the specimen and ε is the
axial engineering strain (positive in compression) determined from
the axial movement of the node points on the top surface of the speci-
men (the axial strain of the specimen). In Fig. 5(a), Ac is the current
cross sectional area of the compressible specimen determined by
assuming that the specimen remains as a right circular cylinder and
by taking into account the volume change (positive in compression)
[11]:

Ac ¼
Ao

1−εð Þ 1−dV
Vo

� �
ð3Þ

where Vo is the initial volume of the specimen. Note that the in-
compressibility assumption (Ai) significantly overestimates the current
cross sectional area of the compressible specimen (Ac).
Fig. 4. Pressure vs. inelastic volume strain (hardening) curves for various spray-dried alu-
mina compacts (curve 1: Zeuch et al. (99%.5% Al2O3) [12], curve 2: Zeuch et al. (94% Al2O3)
[12], curve 3: Riedel and Kraft [33], curve 4: Foo et al. [35]). Curve A was used as the
reference hardening curve in this study and curve B was used to investigate the behavior
of the specimen with a more rapidly rising hardening curve than the reference curve
(curve A).



Fig. 5. (a) Current cross sectional areas and (b) axial stress vs. axial strain curves of the
powder compact having parameter set no. 1.
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Two types of the axial stress of the specimen were determined by
dividing the reaction force monitored at the nodes on the top surface
of the specimen by Ai and Ac, respectively, and the results are shown
in Fig. 5(b) as curve X and curve Y. In experiments, the fracture strength
is characterized by the stress (maximum in general) followed by its de-
crease. In some cases, the stress can reach the maximum and stabilize
without a fracture (perfect plastic material for example). As explained
in the Appendix (Supplementary material), the analytically calculated
failure strength of the compressible specimen is 5.9 MPa (the shear
failure surface shown in Fig. 1), indicating that the saturated stress
state in Fig. 5(b) (marked as 5.9 MPa) is the ultimate failure state.1

Therefore, in Fig. 5(b), the phenomenon of fracture is considered to
occur when the powder compact reaches the ultimate failure state
marked as 5.9 MPa. However, in the simulated curves of Fig. 5(b), the
abrupt decrease of the stress at a certain strain (the fracture strain),
i.e., the phenomenon of fracture, is not captured because the employed
MDPCmodel simply describes the ultimate failure state appearing after
work hardening behavior of particulate materials. Such a feature is
also the case for other cap-type models such as the geological cap
model and the continuous surface cap model. Because the employed
model does not describe the phenomenon of fracture, the ultimate fail-
ure strength (the value of the saturated axial stress in Fig. 5(b)) was
used in this study as a parameter to judge the necessity of considering
1 The ultimate failure state is the state in which no further change in volume or shear
stress occurs.
the compressible character of the specimen in determining the axial
stress vs. axial strain plot of the powder compact in UC testing, which
is used to determine the fracture strength.

As seen in Fig. 5(b), the (ultimate) failure strength of the compress-
ible compact (curve Y) ismuch higher than the determined value under
the assumption of the incompressible specimen (curve X). The numer-
ically obtained yield strength and the failure strength on curve Y are
3.95 MPa and 5.90 MPa, respectively, which values are consistent with
the values determined by the analytical calculation (Supplementary
material). Therefore, the numerically determined curve Y reflecting
the compressible character of the specimen is the truematerial property
of the specimen. In Fig. 5(b), curve X, based on the assumption of the
incompressible specimen, underestimates the actual failure strength
of the compressible specimen (curve Y) by 18.2%. This observation
occurs because, at a given axial strain, the current cross sectional area
determined by the assumption of the incompressible specimen (Ai) is
larger than the actual area of the compressible powder compact (Ac)
with reduced volume, as seen in Fig. 5(a).

3.2. Powder compact with a more rapidly rising hardening curve
(parameter set no. 2)

Now consider the powder compact with a more rapidly increasing
hardening curve (curve B and R=0.5; parameter set no. 2) than the ref-
erence powder compact (curve A and R=0.5; parameter set no. 1). The
simulated axial stress vs. axial strain curves are shown in Fig. 6. As seen
in this figure, if the incompressibility assumption is adopted (curve X),
the degree of underestimation of the failure strength is now 9.6%,
which value is diminished from the case of the reference hardening
curve A (Fig. 5(a)). Therefore, if the hardening curve increases more
rapidly (like curve B), the degree of underestimation of the failure
strength by the incompressibility assumption is less pronounced (the
degree of underestimation is magnified for the specimen with a more
slowly rising hardening curve).

3.3. Powder compact with a smaller R value (parameter set no. 3)

Although the R value of the spray-dried alumina powder compact
was reported to be approximately 0.5 [33–37], the powder compact
with a smaller R value (R = 0.25 and curve A; parameter set no.
3) than the reference powder compact (R=0.5 and curve A; parameter
set no. 1) is now considered to uncover the difference of the two failure
strengths when the R value is different. The simulated axial stress vs.
axial strain curves when R = 0.25 (curve A; parameter set no. 3) are
shown in Fig. 7. As seen in this figure, the degree of underestimation
Fig. 6.Axial stress vs. axial strain curvesof thepowder compact havingparameter set no. 2.



2 The failure strength (5.90 MPa) is constant regardless of the parameter sets consid-
ered in Table 1 because it is determined purely by the shear failure surface as seen in
the Supplementary material.

Fig. 7.Axial stress vs. axial strain curves of thepowder compacthavingparameter set no. 3.
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of the failure strength is now 11.1%, which value is diminished from the
case when the R value was 0.5 (Fig. 5(a); curve A; parameter set no. 1).
Therefore, a decreased R value decreases the degree of underestimation
of the failure strength by the incompressibility assumption (an in-
creased R value magnifies the degree of underestimation).

We explain why an increased R value magnifies the degree of
underestimation of the failure strength by the incompressibility
assumption. For this purpose, refer to Fig. 8which compares the evolu-
tion of the cap surfaceswith a large and a small R values. Assuming that
the two caps are initially located at the same position in the hydrostat-
ic pressure axis (pb*), the load path meets the surface of the large cap
earlier at point OL than the small cap (OS). Therefore, the powder com-
pact with a large R value yields at a lower pressure. Now consider the
current (p, q) state of the specimen during loading. In this current
stress state, the cap with a large R has moved out a longer distance
on the hydrostatic axis (to pb

L) than the cap with a small R has done
(pbS). According to the hardening law, a larger plastic volumetric strain
has evolved for the cap with the large R; the larger the R value, the
larger the plastic compressibility, which results in a diminished
current cross sectional area that leads to the higher failure strength.
Therefore, the degree of underestimation of the failure strength by
the incompressibility assumption is magnified when the R value
increases. The R value for a powder compact is determined separately
either by the conventional triaxial test [12] or by the confined com-
pression test with the measurements of both the axial and radial
stresses [16].

3.4. Powder compact with a more rapidly rising hardening curve and a
smaller R value (parameter set no. 4)

Now that the influences of the hardening curve and the R value
on the degree of underestimation of the failure strength by the
incompressibility assumption have been uncovered separately, we
show that these influences operate additively (independently). For
this purpose, the axial stress vs. axial strain curves of the powder
compact with parameter set no. 4 (R=0.25 and curve B)were simulat-
ed and the result is shown in Fig. 9. As seen in Fig. 9, the powder
compact with a diminished R value of 0.25 (from the reference value
of 0.5) and a more rapidly hardening curve of B (than the reference
hardening curve of A) results in a significantly diminished degree of
underestimation by the incompressibility assumption (only 1.7%).
Thus, the influences of the hardening curve and the R value on the de-
gree of underestimation of the failure strength by the incompressibility
assumption appear additively.

When a powder compact possesses either a rapidly increasing hard-
ening curve or a small R value, the yield strength increases so that the
difference between the yield strength and the failure strength2

decreases as seen in the corresponding figures (Figs. 5–7, and 9; see
also Table S1 in the Supplementary material). If a powder compact
possesses both a rapidly increasing hardening curve and a small R
value, wemay ignore the compressible character of the specimen in de-
termining the failure strength by the UC test. Unless a powder compact
possesses both such characters, the degree of underestimation by the
incompressibility assumption is non-negligible as seen in this and the
previous subsections.
3.5. Overall discussion

The elastic modulus and Poisson's ratio (ν) directly control the
elastic compressibility of a specimen by the relationship

c ¼ 1=K ¼ 3 1−2νð Þ=E ð4Þ

where c is the elastic compressibility, and K is the bulk modulus. In
general, the amount of elastic compression of the powder compact
specimen is negligible compared to plastic compression, which is con-
trolled by the p–εvin relationship and R. Therefore, we cannot simply
judge the necessity of accounting for the compressible character of the
specimen solely by the term compressibility given in Eq. (4). In the pre-
vious subsections, all investigations were carried out under the condi-
tion of the same elastic compressibility (constant values of E and ν
shown in Table 1).

As seen in the previous subsections, the incompressibility assump-
tion underestimated the failure strength of the powder compact and
the degree of underestimation increased when the powder compact
possessed a more slowly increasing hardening curve and/or a larger
cap aspect ratio. Based on these findings, we suggest that, in the exper-
imental determination of the failure strength of a powder compact, it is
generally safe to take the compressible character of the specimen into
account. In other words, it is desirable to determine the current area
of the deforming powder compact specimen by considering the volume
change (compression) of the specimen. For this purpose, the measure-
ment of the radial strain of the specimen is necessary by appropriate
means such as the dial gage.When there is friction, the specimen usual-
ly barrels during theUC test. In such a case, it is desirable tomeasure the
radial strain at the top (or bottom) andmid height positions at the radial
surface. Then, the current cross section areas at the two different posi-
tions need to be averaged assuming a linear gradient of the current
cross sectional area between the two measurement points. The ASTM
standard for the UC testing of soils [32] neglects the compressible
character of the specimen: Eq. (2) is used for determining the failure
strength of cohesive soils. If a soil compact exhibits a slowly rising hard-
ening behavior and/or a large cap aspect ratio, we suggest that the
compressible character of the specimen be accounted for using Eq. (3).

When a heavily over-consolidated compact is subjected to the UC
test, after elastic deformation, it may dilate [11,40]. Like other cap-
type models, the employed MDPC model is incapable of describing
such dilation behavior of the heavily over-consolidated compact. There-
fore, curve Y in this study is the compaction behavior of a normally or
loosely compacted powder. In this regard, the current study reports
the necessity of considering the compressible character of the normally
or loosely compacted powder in determining the failure strength by UC
testing. The compaction behavior of the normally or loosely compacted
powder receives much higher industrial interest than the heavily over-
consolidated powder does.



Fig. 8. Schematic illustration for the evolution of the cap surfaces with a large and a small R values.
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4. Conclusion

The effect of the compressible character of a powder compact on the
failure strength in unconfined compression (UC) testing is investigated
numerically. The modified Drucker–Prager cap constitutive model (an
elastic–plastic-work hardening model) was employed for a spray-
dried Al2O3 powder compact. The ultimate failure strength was used
as a parameter to judge the necessity of considering the compressible
character of the specimen in determining the axial stress vs. axial strain
plot of the powder compact. When the failure strength was obtained
from the current cross sectional area determined solely by the axial
strain based on the assumption of incompressibility of the specimen, it
significantly underestimated the failure strength of the compressible
specimen. The degree of underestimation was magnified if the powder
Fig. 9.Axial stress vs. axial strain curves of thepowder compacthavingparameter set no. 4.
compact possessed a more slowly increasing hardening curve and/or a
larger cap aspect ratio. The influences of the hardening curve and the
R value on the degree of underestimation of the failure strength by the
incompressibility assumption operated additively. Based on these
findings, we suggest that, in the experimental determination of failure
strength of the powder compact by UC testing, the compressible
character of the specimen be taken into account, especially for a powder
compact with a slowly increasing hardening curve and/or with a large
cap aspect ratio; the current cross sectional area of the specimen
needs to be determined by measuring not only the axial strain but
also the radial strain of the specimen.

Supplementary data to this article can be found online at http://dx.
doi.org/10.1016/j.powtec.2015.02.054.
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Supplementary data (Appendix) 

 

Analytical calculations for the compressible specimens 

 

Consider the reference powder compact with parameter set No. 1 with curve A (Table 1 in the 

main text). For hardening curve A, the intercept of the ordinate in the p-εv
in plane is 2.57 MPa 

(pb) as indicated in Fig. S1. Since the initial inelastic volumetric strain εv
in(0) is set to zero, a 

hydrostatic pressure of 2.57 MPa is required to initiate the plastic deformation; the specimen 

is assumed to be initially compacted by this hydrostatic pressure. Therefore, in the q-p plane 

(Fig. S2), the cap is initially positioned at pb (2.57 MPa) in the hydrostatic pressure axis.  

 

 

 

Fig. S1. Hardening curve A in parameter set No. 1. 

 

In Fig. S2, the values of b, a, and pa are determined as follows. By inserting point (pa, b) into 

the equation of the shear failure surface (q=d+ptanβ),  

1 

 



 

βtanapdb +=      (A1) 

 

From the definition of R (R≡a/b), 

 

Rbpp ab =−      (A2) 

 

By solving equations (A1) and (A2), we get b=4.37 MPa, a=2.19 MPa, and pa=0.38 MPa.  

 

 

Fig. S2. Working principle of the MDPC model for UC testing (Parameter set No. 1). The illustrated 

cap is located at its initial position. 

 

In UC testing, the stress state of the specimen progresses along line L (with a slope of 3) in 

the q-p plane. When the current stress state of the specimen is located inside the region 

surrounded by the cap, the specimen deforms elastically. The specimen yields when the stress 

2 

 



state reaches the cap (point O) at which the current pressure of the specimen is 1.32 MPa. 

This value (1.32 MPa) is obtained by considering the intersection between line L (equation 

A3) and the cap when α=0 (equation A4): 

 

pq 3=      (A3) 

 

( ) 22222
a bRqRpp =+−     (A4) 

 

By solving equations (A3) and (A4), we get p=1.32 MPa, which is the pressure of the 

specimen at the moment of yielding. This pressure value corresponds to the axial stress value 

of 3.95 MPa by the relation p=(σx+σy+σz)=σz/3=σa/3 (σx=σy=0) which value is consistent 

with the numerically determined value (3.95 MPa) as marked in Fig. 5(b).  

 

Although a pure hydrostatic loading requires the pressure of 2.57 MPa to initiate the plastic 

deformation (εv
in=0), in UC testing which follows load path L (Fig. S2), the specimen 

deforms plastically at the pressure value of only 1.32 MPa (εv
in=0). Note that the current 

plastic volumetric strain at point O (in UC testing) is the same as that at point pb (in 

hydrostatic compression testing): the cap is the locus of the iso-plastic-volumetric strain 

points.  

 

When the current stress state of the specimen moves out from the surface of the initial cap 

with the onset of the plastic strain (εv
in=0) and work hardening thereafter (εv

in>0), a new cap 

surface is defined at each stress state so that the current stress state of the specimen (p, q) is 

always on the cap surface. In order to define the new cap surface, the position of the cap 

3 

 



shifts on the hydrostatic axis from the value of 2.57 MPa and the shifted location is 

determined by the hardening curve (Fig. S1), which increases from the value of 2.57 MPa as 

the inelastic (plastic) volumetric strain increases from zero.  

 

The movement of the cap (work hardening) ends when the stress state reaches the shear 

failure surface (ultimate failure state). The pressure at the intersection point (F) between line 

L and the shear failure surface can be obtained by solving the failure surface equation 

(q=d+ptanβ) and equation (A3). In this way, we get p=1.97 MPa. This pressure value 

corresponds to the axial stress value of 5.90 MPa by the relation p=σa/3 which value is 

consistent with the numerically determined value (5.90 MPa) as marked in Fig. 5(a).  

 

The analytically calculated results shown above are summarized in Table S1 with the cases 

for other parameter sets. The values of the axial yield strength and the axial ultimate failure 

strength are consistent with the numerical results in the corresponding figures (Figs. 5-7 and 

9; curve Y) in the main text.  
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Table S1. Analytically calculated results for the investigated parameter sets. The unit of pb, pa, and the 

strength is MPa. 

 

Parameter set No.1 No.2 No.3 No.4 
R 0.5 0.5 0.25 0.25 

Hardening curve A B A B 
pb (Initial cap)  2.57 3.25 2.57 3.25 
pa (Initial cap) 0.38 0.84 1.26 1.81 
pb (Final cap) 4.92 4.92 3.44 3.44 
pa (Final cap) 1.97 1.97 1.97 1.97 
Axial yield 

strength 3.95 4.61 4.98 5.74 

Axial ultimate 
failure strength 5.90 5.90 5.90 5.90 
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